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Abstract: Some symmetric polynomials of three variable are represented by
elementary symmetric polynomials using the computer program Maple. Such polynomials
participate in various problems from the triangle geometry. For this reason some of the results
are applied to problems from the triangle geometry. Also, it is considered a problem which
could be reduced to such a problem.
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A lot of mathematical tasks lead to considerations and examinations of functions of
three variables. Algebraic tasks of similar type concern calculating the values of expressions
and proofs of identities and inequalities with the participation of three variables. Often, such
algebraic tasks are connected with various dependences between the elements of a triangle
and the transformation of point coordinates in the plane of a given triangle (complex numbers,
barycentric coordinates). In many cases the obtained functions are symmetric polynomials of
three variables which are represented by elementary symmetric polynomials for convenience.
Thus, we come to the idea of systematizing some frequently used symmetric polynomials and
their representation by elementary symmetric polynomials. On the other hand, the
representation itself is reduced to the solution of systems linear equations. Very often such
systems contain many unknowns, which make them difficult to be solved. In fact, application
of convenient computer programs decreases the difficulty. One of the possibilities is to apply
the computer program Maple for the purpose and to use it in solving some classical problems.

At the beginning several basic elements of the symmetric polynomial theory are
considered.

I. Theoretical background

Kn
n

Each finite sum of type f(xi,xz,...,xn)=2aix1"lx'2‘2...x is called symmetric

' n

polynomial f (x,X,,...,X,) of the variables x, X,, ..., X,. If m=k +k,+---+k, is the
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highest degree of the monomial axx;...x“ in the polynomial f (X4, X,,..., X, ), we say that
f (X, X,,.... X, ) is of degree m. The monomlal axexs...x is called leading coefficient of

f (X0 Xpreees X, )
If each permutation i, i,, ..., i, of the numbers 1, 2, ..., n satisfies the equality

f(xil,xiz,...,xin): f (X, X%,,..., X, ), then the polynomial f (x,,X,,...,x,) is called symmetric.

In other words, if the variables x,, Xx,, ..., x, are permuted arbitrarily, the polynomial
f (X, X,,..., X, ) does not change its type.

The symmetric polynomials
=X A Xy X, O = XKy F X XKy 0y Ty = XXXy + XK Xy +o00, O =X Xy .. X
are called elementary symmetrlc polynomials.
Since the sum, the difference and the product of symmetric polynomials is a
symmetric polynomial, it follows that each polynomial of the elementary symmetric
polynomials o,, o,, ..., o, is a symmetric polynomial of the variables x,, X,, ..., X,. It

n n
turns out, that the reverse assertion is also true and this is the content of the next
Main theorem for symmetric polynomials. Each symmetric polynomial of the
variables x,, Xx,, ..., X, could be represented as a polynomial of the elementary symmetric

n?

polynomials o, o,, ..., o,.

n
The main theorem does not say whether the representation is unique. The
corresponding answer is given by the next
Theorem for uniqueness. Each symmetric polynomials of the variables x,, X,, ...,

X, is represented as a polynomial of the elementary symmetric polynomials o,, o,, ..., o,

n
in a unique way.
It follows from the main theorem and the theorem for uniqueness, that each symmetric

polynomial of type f(X,%,,...,% )= %% ...x¢" (k, 2K, >--->k >0) could be

n

represented in a unique way as a sum of monomials of elementary symmetric polynomials,
ie.

n

K, kg k

f(xi,xz,...,xn)zal TegpTh olaThgk 4
+AC 0y oo+t Aoy o oo,
where the ordered n—lets of numbers (s;,s,,---s,),..., (t,t,,---,t,) are all solutions of the

equation X, + X, +---+x, =k +Kk, +---+K, , satisfying the conditions x, > X, >--->x >0.

The solution (kj,k,,....k,), in the case k, >k, >--->k, >0, is called ordered solution
of the whole number equation x, +x, +---+x, =m. If (I,,1,,...,1.) and (kj,k,,...,k,) are two
different ordered solutions of the equation X, +X,+---+x, =m and if there exists such i
(1<i<n-1), satisfying the relations k, =1, k, =1,, ..., ki, =1, k >I;, then we say that
the solution (1,,1,,...,1,) is lower down the solution (k,, k).

I1. Systematization of the simple symmetric polynomials of three variables
up to degree n=10.
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The symmetric polynomials of the variables a, b and ¢ of degree n, which will be
under consideration will be of type f (a,b,c)=>) a“b*c* , where a“b®c" will be the
leading coefficient of f(a,b,c).

The elementary symmetric polynomial of the variables a, b and ¢ are the following:
o,=a+b+c, o,=ab+bc+ca, o, =abc.

The general scheme of presenting a symmetric polynomial of the type under
consideration by means of elementary symmetric polynomials could be realized in four
stages:

1. Determination of the ordered solutions of the equation X, +X, + X, =n, which are

lower down the solution (k;,k, k;).
2. Composition of the polynomial

_ ~ki—ky __ky—k3 kg S1=Sp =583 =S3 | ... -ty -ty 13
gp(01,02,0'3)—01 o, o+ Aoyt oy oyt -+ Ao R0} tog,

where (k. Ky,....,K.), (5,,8,:+8,) ..., (t.t,,-++,t,) are the consecutive ordered solutions of
the equation X, + X, + X, =n.

3. Substitution of the variable triplet (ab,c) in the equality
¢(0,,0,,0;)— f(a,b,c)=0 by m different real number triplets (a;,b,,c;) (i=12...,m) and
composition of the system

fL(AA,.. . A)=0(0,0,0;)-f(a.b,c)=0,
f2(A1’Az""’A\n):(p(o'l’O'z’O's)_ f (az,bz,c2)=o,

fm(Al,Az,...,An)=¢(al,az,a3)— f (am,bm,cm)zo
of m linear equations with m unknowns A, A,, ..., A, .
4. Solving the system and substituting the constants A, A,, ..., A, in the expression

for ¢(o,,0,,0;) from item 2.
Remark. It could be shown that the number p,(n) of all ordered solutions of the
equation X, + X, + X, =n is determined by means of the next formulae

2
;—2+2+1, n=0(mod6),
2
;—2{2}% n=1(mod6),
2
;—2+g+§, n=2(mod6),
ps(n): n nl 5
E+|:E:|+Z1 nEg(mOdG),
2
;—2+2+§, n=4(mod6),
2
;—2+ 2}+% n=5(mod6).
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The described scheme for the polynomial a*b+ab* +b*c+bc* +c*a+ca’, realized by
Maple, appears in the following way:

(4,1,0):

db+abt+bt e+t +ta+cd= 613 o2 —3o0l 622
— 61’03 + 50203

> restart,

> sl=a+b+cgs2:=ab+bc+cas3=abg
sl :=3

s2:=3
s3:=1
> fi= db+abt+btc+bt+Fa+ c-a4;
=6
Z =51t 2t 70530 451 252270630 4 a2 P T g2 T
530+ 4351772522 7 Ls3l,
f0:=81 42741 +9A42 + 343

> fl=—f
fl1:=75+27A4A1+9A42+ 3 A3

> a=a+1;b=>b+2;c=c+3;
a:=2

b:=3
c:=4

> sl=a+b+cs2:=ab+bc+cas3:=abuqc
sl:=9

s2:=26
s3:=24
> fi= db+abt+btc+pt+ta+ c'a4;
f:=1878
Z =51t 2 70530 a1 2522 70530 4 a2 T g2 T
3V + 43512 7252271 ~s31;
f0:=18954 + 6084 A1 + 1944 A2 4 624 A3

f0:=6084 + 1944 41 + 62442

> =f—f
12:=17076 + 6084 A1 + 1944 42 + 624 43

> a=a+1;b=b+2,c:=c+3;
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a:=3
b:=5
c:=17

> sl=a+b+cs2:=ab+bc+cas3:=abuqg
sl =15

s2 =171
s3:=105
> fi= db+abt +btc+bt+ta+ c'a4;
f:=26430
Z =512 70630 Ar s 2522 70530 4 a2 T 2 T
53V + 43517 72522 7 L3l
10 := 239625 + 75615 A1 + 2362542 + 7455 A3

> 3:=f0—f
f3:=213195 + 7561541 + 2362542 + 745543

> solve({f1, 12,13}, {Al, A2, A3});
(Al=-3,42=-1,43=5)

> restart,
=51t 2t 70530 451 252270630 4 a2 P T g2 T
3V + 43512 72522 7 g3l
0 :=s1352 4+ Al s152* + A2s1% 53 + A35253

> sl = sigmal; s2 = sigma2; s3 = sigma3,

sl :=o0ol

s2:=02

s3:=03
> Al :=-3;42:=-1;43 = 5;

Al = -3

A2 = -1

A3 =5
> 1o,

3 2 2
ol 02—30l02" —ol o63+50203

> restart,

> Al :=-3;42:=-1;43 = 5;
Al = -3

A2 = -1
A3 =5

> sl=a+b+cs2=ab+bc+cas3:=abyg
sl==a+b+c

s2:=ab+bc+ca

s3:==abc
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Z =51t 2t 70530 451 252270630 4 a2 P T g2 T

3V + 43512 72522 7 g3l

f0=(a+b+c)(ab+bctca) —3(a+b+c)(ab+be

> fi=d'btab*+bc+bt+tatca

> =1

f:=a4b+ab4+b4c+bc4+c4a—|-ca4

+ca)’ —(a+b+c)abc+5(ab+bc+ca)abe

a4b+ab4+b4c+bc4+c4a+ca4—(a+b+c)3(ab+bc

> factor( (14.26))

0

+ca) +3(a+b+c) (ab+bc+ca)2+(a+b+c)2abc
—5(ab+bc+ca)abc

In a similar way following the described scheme we obtain the next systematization of
polynomials of degree n, when 1<n<10.

n=1
Ordered
solutions
of the equation f(ab,c) 9(01,0,,03)
X +X, +X =1
(1,0,0) a+b+c o,
n=2
Ordered
solutions
of the equation f(ab,c) ¢(0,,0,,03)
X +X, +X; =2
(11,0) ab+bc+ca o,
(2,0,0) a?+b% +c? o} —20,0,
n=3
Ordered
solutions
of the equation f(abc) 9(01,0,,03)
X +X,+X;=3
(112) abc O3
(2,1,0) a’h+ab® +b’c+bc? +ca+ca’ 0,0, =30,
(3, 0, O) a®+b+c® 0'13 -30,0, +30,
n=4
Ordered
f(a,b,c) (0(0'1’0_210_3)

solutions
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of the equation
X\ +X, +X;, =4
(2,2,0) a%b? +b%c? +c?a? o; — 20,0,
(2,1,1) a’bc +ab’c +abc® 0,03
(3,1,0) a’b+ab® + b’ +bc® +c’a+ca’ o0, 20, —0,0,
(4,0,0) a‘ +b* +c* o, —40}0,+20; +40,0,
n=>5
Ordered
solutions
of the equation f (a,b,C) w(o-lyo_zyo_g)
X +X, +X; =95
(2,2,1) a’b’c +a’bc? +ab?c? 0,073
(3,2,0) a’b? +a’b® +b’%? +b’c® +c*a? +ca’ 0,0, —20,0,~ 0,0,
(311) a’bc + ab’c + abc® 0,04
(4,1,0) a’b+ab* +b*c+bc* +c*a+ca’ 0.0, 30,0, — 0.0, +50,0,
(5,0,0) a’+b°+c° o, —50,0, +50,0; +507 0, 50,0,
n==6
Ordered
solutions
of the equation fabc) #(01,07,0;)
X, +X, +X, =6
(2,2,2) a’b?c? o

a’b’c+a’b’c+ab’c? +

(21 +ab’c® +bc’a® + bc*a’ 72(0: ~301)
(330) a’p® +bc®+c%a’ o5 —30,0,0, + 307
(4,2,0) a’b® +a’b* +b'c* + olol-200,
- +b%c* +c*a? +c%a’ ~20; +40,0,0, — 307
(411) a'bc +ab*c+abc* o, (07 —30,0, +30,)
olo,—4clc? —olo, +
(51,0) a’h+ab® +b°c+bc® +c’a+ca’ Le rE
+20, +10,0,0, —30;
(6,0,0) 25 4 b° 4 c° oy —60;0, +9070; + 60,0, -
B -205 -120,0,0, + 307
n=7
Ordered
solutions
of the equation f (a,b,c) (0(01,02,03)
X\ +X, +X, =7
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2
(3,31) a’b’c +a’bc® + ab’c® P (Uz ~20,0,)
2
(3,2,2) a’h’c? +a’b’c? + a’b’c? 050,
41.3 34 4.3
a'b’+a’h*+b'c’+
(4,3,0) 0,0, —30. 0,0, - 0.0, +50,0.
3.4 4,3 3,4
+b°c” +c"a’ +c’a
4152 21,4 4.2
a'b°c+ab’c+ab’c” + 2 2
(4,2,1) - ‘s ) 0'3(0'10'2—20'2 —0'10'3)
+ab“c” +bc"a” +bca
3 2 4 3
(5,2,0) a’h? +a’h® +b°c? + 0,0, —20,0, 30,0, +
+b’c® +c’a® +c’a’ +60'0,0,+30.0,— 10,0,
4 2 2
(5,1,1) a®hc + ab®c + abc® o, (0'1 —40)0,+20, +40'10'3)
5 3 2 4 3
0,0, —50,0, —0,0,+50,0, +
(6,1,0) a’b+ab® +b°c+bc’® +c’a+ca’ ) ) )
+90, 0,0, - 10,0, —40,0;
.. o] —T0,0, +14c.0; +T10) 0, -
(7,0,0) a'+b"+c
~To,0, - 210’0,0,+ 100, + 10,0,
172 1273 273 13
n==8
Ordered
solutions
of the equation fabc) ?(01,07,0;)

X, +X, +X; =8

2
(3,3,2) a’h’c? +a’h%c® + a%h’c? 0,03
(4,4,0) a’b* +bc* +ca’ o, —40,6.0,+20.0; + 40,0,
41,3 314 4.3
a'b’c+a’b’c+ab’c’ +
(4,31) O, (0'10'22 ~2070, - 0'20'3)
+ab’c* +bc‘a® + bc’a’
2 2
4,2,2 a‘b’c® +a’b'c* +a’h’c? O3 (01 - 202)

a’b® +a’h® +b°c +

+b3c® +c’a® +c’a’

2 _3 3 4
0,0, —30,0,0,—20, +

+60,070, +30.0; — 10,0

a’b’c+a’b°c+ab°c® +

3 2 2
(5,2,1) s s o oA (0'10'2 —30,0;, — 0,0, +50'20'3)
+ab“c® +bc’a” +bca
4 2 5 2_3
(6 2 0) a’b® +a’h® +b°c? + 0,0, — 20_1 05— 40—1 o, +
+b%c® +c%a® +c%al +8O'130'20'3 +20;] - 90'120'5 + 20'20;
5 3 2 2
(6,1,1) a’hbc +ab°c + abc® 0'3((71 —50,0, +50,0, +50, 0, _56263)
o.o,—60,0; —0 0, +
(7,1,0) a’b+ab’ +b’c+bc’ +c’a+ca’ +90t0; +1l0i0,0, - 20, —
~170,670,-50.0; +80,07
ol -8070,+200, 0 +80,0, —
(8,0,0) a®+b®+ct ~1607 05 —320,0,0, + 20, +

+240,050,+1207 0} 80,07




317 SYSTEMATIZATION OF A TYPE SYMMETRIC POLYNOMIALS OF THREE
VARIABLES AND SOME APPLICATIONS

n=9
Ordered
solutions
of the equation f(ab.c) ¢(01,0,,03)
X, +X,+%X =9
3
(3,3,3) a’h’c? o3
3 2
(4,4,1) a‘b‘c+b*cta+cta’h o, (03 —30,0,0,+307 )
41432 3la4a2 2114 A3
a'b’c”+a’h’c” +ah’c’ +
(4,3,2) o; (0,0, -30;)
+a’b’c* +b’c*a’ +b’c’a’
4 2_2 3 _2
(5 4 O) a’bh* +a’b® +b°c* + 0,0, —40,0,0,+20,0, —
+b*c® +c’a* +c'a’ —050,+10,0,0; — 30,
2_2 3
(5:31) a’b’c+a’b°c+ab’c® + 03(‘71 0, —20,05 -
T 3.5 5,3 3,5 3 2
+ab°c® +bc’a’ +bc’a -20, +40,0,0, - 30,
2 3
(5,2,2) a’h?c? +a%°c? + a%h?c’® o: (o) 30,0, +30,)
3 3 4 4 2 2
(6,3,0) a’b®+a’h® +b°c®+ 0,0, —30,0,0,—-30,0, +90,0,0, +
+b3c® +ca’+c’a’ +30.0; + 30,0, —180,0,0% + 60,
4 2_2 3
(6,2,1) a’b’c +a’bPc+ab’c? + ‘73(0102—40102 —0,0;+
+ab?c® +bc®a’? +bca® +203 +70,0,0,-30% )
5 2 6 3.3
b2 4 alb 4 bc? 0,0, —20,0,—50,0, +
a’b”+ah’+b'c +
(7,2,0) o +100; 0,0, +50,0, —50}0i0, —
+b°c’ +c’a”+ca 3 2 3 ) 3
-110,0; —50,0, +130,0,0, — 30,
: : . o, (0'16 -60,0,+90707 +
(7.112) a’bc+ab’c +abc \ , ,
+60,0,-20, -120,0,0, + 30, )
o/o,-T10,0; -0 0, +140. 0, +
(8,1,0) a’b+ab® +b°c +bc® + c®a+ca® +130; 0,0, - 70,0, 300, 0,0, —
-60'0} +905 +190,0,07 — 303
9 7 5 2 6
o, —-90,0,+210,0, +90,0, -
o e o -300.0; — 450, 0,0, + 90,0, +
(9’0'0) a +b’+c 2 2 3 2 3
+540, 0,0, +180,0; —90,0, —
~270,0,05 + 30,
n=10
Ordered
solutions
of the equation f(ab.c) ¢(01,0,,0)

X, + X, + X, =10
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a‘b’c® +b'c*a? + c*a’h?

2 2
oy (62 - 20'103)

a’b’c® +bic®a® +c*a’h?

3
0,03

a’b® +b°c® +c°a°

5 3 2 __2 2 __2 3
o, —50,0,0,+50,0; + 50,0, —50,0;

a’bc+a’b°c+ab’c +

+ab“c® +bc’a* +bc*a’

3 2 2 2
O, (0'162 -30,0,0,—0,0,+50,0, )

a’b®c? +a’b°c® +a’b’c® +

(5,3,2) o (0'120'2 -20; - 0'10'3)
+a’b’c® +b’c’a’ +b’c’a’
2 __4 3 2 4 2 5
(6 4 0) a’bh* +ab® +béc* + 0,0, —40,0,0,+20,0, =20, +
T 3 2 2 3
+b*c® +cfa’ +c*a’ +80,0.0, - 90’0, + 20,0,
3 2 4 3
(6,31) a’b’c+a’b’c+ab’c® + ‘73(01‘72 —20,0;,—-30,0, +
+ab’c® +bc’a’® +bc’a® +60}0,0,+300,— 10,0, )
2 4 2 2
(6,2,2) a°h’c? + a’h°c? + a’h’c® ol (o) —40(c, + 20} +40,0;)
o, oS —30,0,0,— 4070, +120 00, +
a’b®+a’h’ +b’c®+ . o ; X .,
(7,3,0) +30; 0, +20, —20,0,0, — 240, 0,05 +
3.7 743 3,47
+b°c’ +c'a’ +c’a 2 2 3
+60,0; +11o,0,
Th2 27 72 o ((750' ~50,0; — 0,0, +50,05 +
(7.2,0) a'b’c+a‘b’c+ab’c” + 3{9192 192 0103 192
+ab’c’ +bc’a® +bc?a’ +9070,0, - 1050, — 40'10'32)
6 __2 7 4 3 5
o,0, —20,0,—b60, 0, +120,0,0, +
2 __4 3 2 4 __2
(8.2,0) a®b? +a’b® +b®c? + +90, 0, -120;,0,0,—130, 0, —
T 5 3 2 2
+b%c® +c%a’ +c?a’ ~20, —80,0,0,+ 280, 0,0% +
2_2 3
+0,0, —100,0,
7 5 3 2 4
. . . o, (0'1 —-T1o/0,+140,0, + 70,0, —
(8,11) a’bc + ab®c+abc
~70,0; —216}0,0,+10.0,+ 70 0'2)
1~2 1+-2%3 273 13
8 6 __2 7 4 __3
o,0,—-80,0, —0,0,+200,0, +
. o Lo o o . +150, 0,0, —160; 0, — 460,070, —
(9.1,0) a’b+ab’ +b’c+bc’ +c’a+ca W 2 s .
—T7o,0; + 20, +3lo,0,0, +
2 2 2 2 3
+330, 0,0, —150,0, — 10,0,
10 8 6 __2 7
o, —100;0,+350, 0, +100, 0, -
-500, o5 —600, 0,0, + 250, 0, +
(10, 0, O) al® +pl° 4+ +1000'fo'220'3 + 250'140'; — 20'5 -

3 2 2
—400,0,0,-600, 0,05 +

+15670; +100,05
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II1. Some applications

We solve several problems as application of some of the obtained results.

Problem 1. Let a+b+c=1, a®+b*+c*=2 and a®+b*+c*=3.If
S(5,3)=a’’ +a’h® +b°c’ +b’c® +c’a’ +c’a’,
S(6,2)=a’h*+a’h® +b’c* +b*c® +c’a’ +c*a’,
prove that |S(5,3)[>[S(6,2).
Solution. It follows from the condition and from two of the derived formulae, that
o, =1, o, =—% and o, :%. Applying once again two of the formulae in the implemented

table, we obtain s(5,3)=%, s(a,z):-%. Consequently, |S(5,3)>|S(6,2).

Remark. It follows from Vieta formulae, that the numbers a, b and c are roots of the

cubic equation x* —x* —%x—% =0. The roots are expressed by the formulae:

P +2A+10 —(A?-4A+10)+i(A2-10)V3 —(A?-4A+10)-i(A*-10)43

6A 12A 12A
where A=3/44+6+/26 . Such expressions are not suitable for calculation of the above sums.
Problem 2. Triangle ABC with perimeter 2p is inscribed in a circle with radius R
and is circumscribed with respect to a circle with radius r. If r,, r, and r, are the radii of the
excircles of AABC, prove the inequalities
p’r(256r° —37R?)
2

3,2 2,3 3,2 2.3 3,2 2,3 2 3 3
<R+ 070+ P e ir? 4 r2ed < 2p? (8R°-37r°).

Solution. The following formulae are known from the triangle geometry



Sava Grozdev, Veselin Nenkov, Tatiana Madjarova, Eliseu Bessa, Mapaxe Luvunga 320

2 2
rrr. = pr.

L+o+r=4R+r, Lr+rr+rn=p°,r,
Denote o, =r,+r,+r, o,=Lr+rr+rn, o,=rnr. Therefore, o, =4R+r,
o, = p*, o, = p’r. We have from the equality which is implemented in the table, that
e+ 02 + ek + 0’2 + 0’ = 0,07 - 20) 0, — 0,0,
and 262+ 076 + 2 7 + 02 + 12 = 2p (2Rp? —~16R°r —8Rr? —r°).
Using the well-known inequations p® <4R?+4Rr +3r®, p?>>16Rr -5r?, R>2r and

executing some transformations we obtain the needed inequalities.
Problem 3. Prove that the following inequation is verified for all triplets of positive
numbers a, b and c

(b+c-a)’ . (c+a-b)’ . (a+b-c)’
(b+c)’ +a* (c+a) +b> (a+b) +c?
Solution. The inequation under consideration is equivalent to the next one
2[(b+c)2+a2}—(a+b+c)2 2[(c+a)2+b2]—(a+b+c)2
+ +
(b+c)2+a2 (c+a)2+b2
2[(a+b)2+cz}—(a+b+c)2
(a+b)2+c2
We obtain from the last that
(a+b+c)2 .\ (a+b+c)2 .\ (a+b+c)2 27
(b+c)2+a2 (c+a)2+b2 (a+b)2+02_ 5
Put o,=a+b+c, o,=ab+bc+ca, o,=abc. After some not complicated

transformations we obtain
o; (30‘14 -80/0, +40,0,+ 40'22) 27
<

>3,
5

>

gl w

0! —4olc, + 40’0, +bol0? —80,0,0,+807 5
The denominator in the right-hand side of this inequation is positive. It follows that the
inequation is equivalent to the next one
30) -170, 0, + 220 0, + 2200, —540,0,0, +540; > 0.
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Since the numbers a, b and c¢ are positive, then the numbers x=b+c, y=c+a and

X+y+12Z . then

z=a+b could be considered as side lengths of triangle XYZ. If p=

a=p-x, b=p-y and c=p-z. Let R and r be the radii of the circumcircle and the
incircle of AXYZ, respectively. Since x+y+z=2p, yz+zx+xy=p>+r>+4Rr and
Xyz =4pRr, then o,=p, o, =r>+4Rr and o, = pr’. We obtain after substituting in the
last inequation, that
p*[3p* —(68R—5r)rp” |+ 2(176R* — 20Rr +11r°)r* 2 0.
This inequation is equivalent to the following
(6 p2 —68Rr +5r% — r/400R? — 200Rr — 239r )x

x(6 D2 —68Rr +5r + r/400R? — 200Rr — 230r ) >0.

Using the inequations p® >16Rr —5r® and R > 2r , we obtain
6p”> —68Rr +5r > 6(16Rr —5r2)—68Rr +5r? =(28R—25r)r >(28.2r —25r)r = 31r* > 0.

Consequently, 6p? —68Rr +5r + ry/400R? — 200Rr —239r2 > 0.
Since 6p® —68Rr +5r? > (28R —25r)r >0, then the inequation

6p> —68Rr +5r” — I’\/4OOR2 —200Rr —239r* >0
is equivalent to (28R —25r)r > 400R* — 200Rr —239r?. It could be noticed after some known

transformations, that the last is equivalent to (8R—9r)(R—2r)>0. Since R>2r, then the
last inequation is satisfied always. This ends the proof of the inequation
6p? — B8R +5r2 — ry/400R? — 200Rr —239r2 > 0.

The results show, that the inequation under consideration is satisfied for all positive
real numbers a, b and c. Equality appears in the last inequation in the case of equilateral
AXYZ . Thus, equality appears in the initial inequation in the case a=b=c only.

Meanwhile, we obtain the inequation

2 2 2 27
2 p 2 + 2 p 2 + 2 p 2 < ?
X +(p-x)" ¥ +(p-y) z°+(p-2)

forall AXYZ .
Problem 4. Let x, y and z be the distances from arbitrary point P in the plane of a

given triangle ABC to the vertices A, B and C, respectively. If |AB|=c, |BC|=a,
|CA|=b, prove the inequation

a’x' +b%y" +c’z* +(a° —b% —c* ) (a’%* + y?2* )+ (b* —a® —c? ) (bPy + 2°%* )+

+(c2 -a’ —bz)(czz2 + x2y2)+a2bzc2 =0.

Solution. Consider AABC in the complex plane with respect to Gauss coordinate
system, for which the circumcircle of AABC is the unit one. If the affixes of the vertices A,
B and C are a,, b, and c,, respectively, then

2 _(bo_co)2 b2 :_(Co_ao)2

2
a,a, =bb, =c,C, =1, a’ = ,  (8-hy)

o

bO CO CO aO aO bO
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If p is the affix of the point P, then x* =(p-2a,)(P-3,), z°=(p—¢,)(P—C,) and
X =(p-2)(P-a).

Introduce the denotations

M =a’x* +b’y* +c?z*,
N = (a2 —b® —cz)(azx2 + y222)+(b2 -a’ —cz)(bzy2 + zzx2)+(c2 -a’ —bz)(czz2 + x2y2) ,
o, =a,+b,+¢,, o, =b,c, +C,a, +ab,, o5 =a,0b,c,.

After substituting the values of a, b, ¢, x, y and z from above and after some

transformations we obtain

1 o _ _
M :—?[03(0102—903) pp(PP+4)—40, (o} —30,0, ) (PP +1)(p+ D)+
3

+(0'1202 —40) +30103)( p? +6352)+03 (0,0, —90'3)],
1 P _ —
N 2—?[0'3(010'2 —903) pp( pp+4)—40'3 (022 —3010'3)( pp +1)( p+ p)+
3

+ (0'1202 — 407 + 3010'3)( p’+0,p° ) +ol0; —40)0,+190,0,0, — 405 — 3607 ]
It follows that

2_2 3 3 2
M_N =_010 —40,0,+180,0,0, —40, 210, _

o;
2
_ [(bo —Co) (S —a)(3& =) | _ _a?b2e’.
aObOCO
This ends the proof.
LITERATURE

1. Genov, G., S. Mihovski & T. Mollov (1991). Algebra with number theory. Sofia:
Science and Art. (In Bulgarian)

2. Paskalev, G. (1984). The work in the mathematics circle. Part 1. Sofia: Narodna
prosveta. (In Bulgarian)



323 SYSTEMATIZATION OF A TYPE SYMMETRIC POLYNOMIALS OF THREE
VARIABLES AND SOME APPLICATIONS

3. Chukanov, V. (1977). Combinatorics. Sofia: Narodna prosveta. (In Bulgarian)

4. Grozdev, S., V. Nenkov (2012). Three remarkable points on the medians of the
triangle. Sofia: Archimedes 2000, ISBN 978-954-779-136-7. (In Bulgarian)

5. Grozdev, S., V. Nenkov (2012). Around the orthocenter in the plane and space.
Sofia: Archimedes, 2012, ISBN 978-954-779-145-9. (In Bulgarian)

6. Nenkov, V. (2020). Increasing mathematical competencies with dynamic geometry.
Sofia: Archimedes, 2020, ISBN 978-954-779-291-3. (In Bulgarian)

Prof. Sava Grozdev, DSc

Researcher ID: AAG-4146-2020
ORCID 0000-0002-1748-7324

Faculty of Mathematics and Informatics
Plovdiv University “Paisii Hilendarski”
236, Blvd. Bulgaria

10, Saint Ekaterina Street

4027 Plovdiv, Bulgaria

E-mail: sava.grozdev@gmail.com

Prof. Veselin Nenkov, PhD
Researcher ID: AAB-5776-2019
Nikola Vaptsarov Naval Acedamy
73, Vasil Drumev Street

9002 Varna, Bulgaria

E-mail: v.nenkov@nvna.eu

Assoc. Prof. Tatiana Madjarova, PhD
Nikola Vaptsarov Naval Acedamy

73, Vasil Drumev Street

9002 Varna, Bulgaria

E-mail: tmadjarova@nvna.eu

Eliseu Bessa

Nikola Vaptsarov Naval Acedamy
73, Vasil Drumev Street

9002 Varna, Bulgaria

E-mail: eliseubessa22.gmail.com

Mapaxe Luvunga

Nikola Vaptsarov Naval Acedamy
73, Vasil Drumev Street

9002 Varna, Bulgaria

E-mail: mluvunga600@gmal.com




